Abstract: This paper presents investigations into the influences of bearing clearances on the diagnostic features of monitoring rolling-bearings. A nonlinear dynamic model of a deep groove ball bearing with five degrees of freedom is developed for numerical analysis under increased radial clearances which are due to not only the scenarios of bearing grades but also gradual wear with bearing service lifetime. The model incorporates local defects and clearance increments in order to gain the insight into the bearing dynamics under different fault cases along with clearance changes. Numerical results show that the vibrations at fault characteristic frequencies exhibit clear inconsistency with common understandings for different cases of increased clearances. This study highlights that it has to take into account the clearance effect, especially for the inner race fault, in order to avoid the under-estimate of fault sizes which may be indicated by the feature amplitude reduction.
Introduction
Rolling-element bearings are widely used in rotary machinery. Bearing failure is considered as one of the main causes of breakdown in rotary machines and can entail loss of production and costly damage to the whole system. As a remedy, researchers have paid an increased amount of attention to timely monitoring and diagnosis of incipient faults.
There are two pathways to expanding the research carried out on rolling-bearing diagnosis and fault-detection: developing more advanced signal processing methods to enhance fault-related signal contents and improving fault models to gain an in-depth understanding of vibration responses to different types of faults under various application scenarios (Rai and Upadhyay, 2016; Randall and Antoni, 2011) . The effective signal processing methods require a full understanding of the vibration mechanisms. Therefore, in recent years, more and more studies have put their focus on modelling bearing vibrations, in parallel with a great deal of efforts on development of signal processing methods.
Various mathematical models have been developed for the study the dynamic effects on roller bearing. McFadden and Smith (1984) developed a model to describe the vibrations produced in a rolling element bearing under constant radial load with a single point defect on the inner race. Purohit and Purohit (2006) studied the axial and radial vibrations from a rigid shaft supported ball bearing. Nonlinear springs are used to represent the contacts between the balls and the races in the analytical formulation. The spring stiffness is obtained using Hertzian elastic contact deformation theory. Culita et al. (2007) proposed the McFadden-Smith vibration model. This was one of the first valid models of the bearing vibration generated by individual point defects. It was shown that the defect is encoded by the vibration model in a more natural and more accurate manner than was achieved in previous models. An important contribution was made by Sassi et al. (2007) , who developed a numerical model based on the assumption that the dynamic bearing behaviour could be represented by a coupled three-degree-of-freedom system. Upadhyay et al. (2010) examined the dynamic behaviour of a high speed unbalanced rotor supported on roller bearings with damping. The nonlinearity of the rotor bearing system was said to be a result of Hertzian contact, the unbalanced rotor effect and the radial internal clearance. Patil et al. (2010) presented an analytical model for predicting the effect of a localised defect on the vibrations of ball bearings. The contacts between the races and the ball are considered to be nonlinear springs in their formulation. Patel et al. (2010) studied the vibrations in a dynamic model of deep groove ball bearings which had single and multiple defects on the surfaces of both the inner and outer races. The mass of the shaft, housing, races and balls were considered in their model. Results output by the model were validated against experimental results recorded for both defective and healthy deep groove ball bearings. Dougdag et al. (2012) verified experimentally a simplified model of a ball bearing with nonlinear stiffness in both static and dynamic modes. They also tested the capabilities of the model to accurately simulate fault effects. The resulting defect simulations and model behaviour for both static and dynamic modes were compared against the experimental results. Patel et al. (2013) presented a theoretical and experimental study of the vibration in dynamically loaded deep groove ball bearings with localised circular defects. The mass of the shaft, housing, raceways and ball were all incorporated into the proposed mathematical model. Coupled solutions of the governing equations of motion were achieved via the Runge-Kutta method.
It is well deemed that bearings undergo various wears during their lifetimes, which leads to large clearances and high vibrations (Halme and Andersson, 2010) . Ultimately, the level of the defect-induced vibrations in a bearing can be utilised as a good indicator of its remaining service life. However, the exact mechanisms on how this increased clearance can affect the measured vibrations and hence the diagnostic performance remains indistinct. Therefore, this study focuses on modelling the bearing vibration responses with different levels of clearances and clarifies the characteristics of common diagnostic features under different radial clearances. For completeness, experimental results on typical bearing faults with different clearance grades are provided.
Modelling rolling bearings with clearances and defects
A typical rolling-element bearing is comprised of four main fundamental components; the inner race, the outer race, the cage and the rolling elements. The most important geometrical quantities are the pitch diameter d m , the number of rolling elements N b , the element diameter D and the contact angle α. In order to describe the dynamic behaviour of every bearing component, several lumped models with different large number of degrees of freedom (DOF) were developed for studying bearing diagnostic signatures. To investigate the effect of radial clearances on perceived vibrations, this study adopted a 5-DOF system based on works (Dougdag et al., 2012; Patel et al., 2013 ) that provides the load-deflection relationships, whilst neglecting the mass and the inertia of the rolling elements. As the schematic in Figure 1 , the first two orthogonal DOFs describe the inner race-shaft, the second set of orthogonal DOFs describes the outer race-house and finally, the last remaining DOF is related to the sensor in the 'X' axis. Moreover, the proposed model is carefully crafted to include the following metrics: the nonlinearity in a rolling bearing, arising from the nonlinear forces between the different elements (Hertzian contact); the time-varying stiffness (load transmission dependency on the positioning of the supporting elements); and the clearance value between the rolling elements and the bearing races. These allow for effective simulations of the dynamics of the roller-element bearings. Figure 1 illustrates the free-body diagram for a typical shaft-house system. As can be seen, the model is mainly comprised of four DOFs, representing the motions of the shaft and the housing in the horizontal and vertical directions, respectively. In addition, one DOF is used to represent the output of the vibration sensor in the vertical direction. To realise an efficient simulation, the proposed model is developed on the foundations of the following realistic assumptions and considerations:
Free-body diagram
• Balls are positioned equidistantly around the shaft and there is no interaction between them.
• Ball mass is relatively small in comparison to other bearing parts (refer to Table 2), and thus assumed negligible.
• The bearing under study operates under isothermal conditions.
• Forces act in radial directions along both the X and Y axes.
• The inner-race mass includes the shaft's mass, whilst the outer-race mass incorporates the housing's mass.
• The sensor is considered as a mass-damping system and is positioned along the X axes.
• The shaft-housing under study is modelled using three key masses (M s , M k and M r ), yielding a 5-DOF system.
• The interactions between the balls and raceways are considered as nonlinear Hertzian contact-deformations.
• Damping due to lubrication is neglected in this study. 
Equations of motion
Considering the modelling assumptions mentioned above, the governing equations for the mass of the shaft, housing and the sensor can be developed. Depending on the direction and coordinates of the motion as shown in Figure 1 , the equations are established in X and Y directions as follows:
• for the housing
• for the sensor
where M s , M k and M r denote the mass of shaft, housing and sensor, respectively; K s , K h and K r , respectively represent the stiffness of shaft, housing and sensor; C s , C h and C r are the damping of shaft, housing and sensor, respectively; K represents the nonlinear stiffness, δ represents the nonlinear deformation and φ i denotes the ball position. Equations (1) to (4) show that the vibration of a bearing is governed by a nonlinear process in which the nonlinear deformation between the races and the balls are described by a time-varying stiffness.
Modelling the effect of bearing clearances

Internal radial clearance
Internal radial clearance is defined as the geometrical clearance between the outer race, inner race and ball. Whereas, radial clearance is the movement between the ball and the raceway, perpendicular with the bearing axis. The internal clearance has a significant effect on thermal, vibrational, noise and fatigue life of the bearing. In order to extend the bearing's lifetime and improve the machine's reliability, the internal clearance at operational conditions must be as close to zero as possible (Harris and Kotzalas, 2006; Oswald et al., 2012) . As the bearing ages, the properties of the clearances vary due to the inevitable wear. Thus, for the purposes of fault-detection and diagnosis, it is important to have an appreciation for the effect of different clearances on the characteristic vibration features. Changes in the bearing internal clearance can directly affect the size of the stressed area of the rings (i.e., the load zone) as shown in Figure 2 . The smaller the clearance (or the more the preload), the more the rolling elements will have to share the externally applied forces to the bearing shaft. However, preload may reduce the life of the bearing under operation due to the increased levels of fatigue stress in the rolling elements.
The angular-contact ball bearings are precisely designed to operate under thrust and radial load. In these bearings, the clearance is built into the unloaded bearing angle of the radially loaded bearing. Additionally, there are five clearance groups, namely C2, C0 (normal), C3, C4 and C5. The radial internal clearances for a radial-contact deep groove ball bearing 6206ZZ (UC206) under no load are presented in Table 1 (Harris and Kotzalas, 2006) . Source: Harris and Kotzalas (2006) In order to demonstrate the effect of clearances on vibration responses, the nonlinear load deformation and its distribution along the rolling elements are examined based on Hertzian theory. As shown in Harris and Kotzalas (2006) , the relationship between the load Q and the resulting deformation can be modelled as
where K is Hertzian contact elastic deformation or the load deflection factor, which depends upon geometry of the contact surfaces and material properties; δ is the contact deformation or the radial deflection; and n is the load deflection exponent where n = 3/2 for ball bearing (Harris and Kotzalas, 2006) . In case of rolling-element bearings, the elastic deformation, as presented in Figure 3 , takes place at both the outer and inner raceways with the rolling element. The contact stiffness coefficient at the contacts formed between the races and the i th ball is evaluated using the following relation (Arslan and Aktürk, 2008; Karacay and Akturk, 2008) ( )
where K i,o is the stiffness due to contact between the outer and inner raceways with the ball respectively, E is Young's modulus, v is Poisson's ratio, ρ ∑ is the curvature sum, which is calculated based on the radii of curvature in a pair of principal planes, passing through the point contact. δ * is the dimensionless contact deflection obtained using curvature difference. According to Harris and Kotzalas (2006) , the total deflection between two raceways can be expressed as the sum of the corresponding approaches between the rolling elements and each raceway giving as
Calculation of load distribution with clearance
Figure 4 depicts a rigidly supported rolling-element bearing that is subjected to a radial load. Evidently, a uniform radial clearance of 2 d P between the rolling element and the races can be observed for the concentric arrangement. In the case of a subjectively small radial load applied to the shaft, the inner race moves a distance of 2 d P before creating contact between a rolling element located on the load line and the inner and outer races. Regardless of the angle, a radial clearance will still be present. Now, assuming a relatively small P d in comparison to the radius of the groove, the radial clearance c can be expressed with adequate accuracy by Schmid et al. (2014) 2(1 cos ).
On the load line, when φ = 0° the clearance is zero, whereas for φ = 90°, the clearance retains its initial value of P d / 2. The application of a load will elastically deform the balls. This will further reduce the clearance around an arc of the size 2ψ. Now, considering δ max as the interference or total compression on the load line, the corresponding radial deflection δ at any rolling element angular position φ can be expressed as (Harris and Kotzalas, 2006; Schmid et al., 2014) :
( 1 0 ) where δ max + P d / 2 represents the total radial displacement of the inner and outer races, relative to one another. Now, considering δ = δ max + P d / 2, equation (10) (2006) and Schmid et al. (2014) It should be noted that the angular positions φ i of the rolling elements are given as a functions of time increment d t , the previous ball position φ 0 and the cage speed ω c .
Assuming no slippage, cage speed can be calculated from bearing geometry and shaft speed ω s . Ultimately, the angular positions of the rolling elements are given as 0 2 ( 1) , 1, ,
The angular velocity ω c of the cage can be expressed in terms of angular velocity ω s of the shaft as
where f s being the shaft frequency. The radial deflection at any rolling element angular position, in terms of maximum deformation, can be rearranged and given as ( )
Therefore, the contact force at any angular position can be given as ( )
( 1 5 )
Figure 5 Load distributions in a ball bearing
Source: Harris and Kotzalas (2006) As can be seen in Figure 5 , the overall applied radial load (F) is equal to the sum of the vertical components of the contact reactions caused by the rolling-element loads. Mathematically, this is expressed as 0 cos .
( 1 6 )
Calculation of restoring force
The total restoring force is calculated by summing of the restoring forces caused by each individual rolling element in the X and Y directions as
The overall contact deformation (or contact compression) δ for the i th ball can be expressed as a function of the shaft displacement relative to the housing in the X and Y directions, ball position φ i and the radial clearance c. This is provided by following
Since the Hertzian forces arise only when there is a contact deformation, the springs are required to act only in compression. In other words, the respective spring force comes into play when the instantaneous spring length is shorter than its unstressed length, yielding only a positive δ value. Otherwise, a separation between the ball and the race takes place, setting the restoring force to zero. Subsequently, the contact force Q at any ball position can be defined as:
At the time of impact at the rolling element and the defect, a short duration pulse is generated causing additional deflection. This denoted by the term Δ, yielding a modified expression for δ as given
Modelling localised defects
Cracks on the inner and outer raceways are classified as localised defects. The study of such defects allows for a better understanding of the effect of different clearances on the bearing vibration response and the diagnostic features of interest. Therefore, this section aims to provide a mathematical simulation of the localised bearing defects.
Characteristic frequencies of bearing faults
Rolling-element bearing, as presented in Figure 6 , comprises of an outer race, an inner race, rolling elements and a cage that holds the rolling elements in a given relative position. The relative velocity between the rollers, outer race and inner race is zero. This is due to the pure rolling contact that exists between these components. Race surface fatigue results in the appearance of spalls on the outer race, inner race or the rolling elements. If one of the races encounters a spall defect, it will almost impact with the rolling elements periodically. In this case, the fault signature is represented by successive impulses with a repetition rate that is strongly dependent on the faulty component, geometric dimensions and the rotational speed. The period between every impact is different for all the listed bearing elements in Figure 6 and is a function of the bearing geometry, rotational speed and the load angle. For a fixed outer race bearing, the theoretical characteristic fault frequencies can be calculated using equations (22) to (25) . A derivation of these equations is presented in Sawalhi et al. (2007) .
• The cage rotational frequency
• Outer race defect frequency
• Inner race defect frequency 1 cos 2
where D is ball diameter, d m is pitch circle diameter, φ is contact angle, N r is number of roller and F s is shaft rotational frequency.
Figure 6
Rolling element bearing components
Modelling defects on the inner race
A typical example of an inner race defect is illustrated in Figure 7 . As can be noted, during operation, the inner race will rotate at the shaft' angular speed ω s , implying that the location of the defect will not remain stationary. Thus, the resulting defect angle for the inner race α in can be calculated as
where W defect is the defect width and d i is the inner race diameter. The rolling ball comes into contact with the defect either in the loaded zone or in the unloaded zone; thus, the deflection δ attained for every i th ball can vary. As the ball passes through the defect, an additional deflection Δ usually occurs (see Figure 7) , which is mainly defined by the width of the defect and the radius of the rolling elements.
( )
where φ ball = width of the defect/radius of the ball. The position of the i th ball in the defect zone is mathematically defined as
Additional deflection of ball due to defect on inner race (see online version for colours) Figure 8 Additional deflection of ball due to defect on outer race (see online version for colours)
Modelling defect on the outer race
An example of a defect occurring on the outer race is demonstrated in Figure 8 . It is observable that the defect on the outer race is located at an angle α out from the X axis. In contrast to the inner-race defects, the local defects on the outer race are normally found in the loaded region. Moreover, since the outer race is stationary, the position of the defect does not usually change. Similar to the inner-race defect, an additional deflection Δ is caused every time the ball passes over the defect. The angular position of the i th ball passing through the defect zone is mathematically confined by the following relation
2 Predicted behaviours of diagnostic features
Model calibration
The physical model parameters, such as dimensions and the masses, are measured. The damping ratio and the stiffness of the model masses are, on the other hand, more difficult to calibrate. Therefore, a simplified linear version of the 5-DOF nonlinear model is established by using the nonlinear contact stiffness value given in equation (8). This linearisation step allows for the model parameters, including damping ratios and resonance frequencies to be conveniently identified using the standard eigen method. By considering those linear factors in the system, the vibration can be described by a set of differential equations as
where [M] is the mass matrix, [C] is the damping matrix, [K] is the stiffness matrix, [A] is
the system matrix and {q} is the vibration response vector, consisting of displacement, velocity and acceleration of the system. By using the standard methods for linearisation, the frequency response under different parameter settings can be simulated. Moreover, it is possible to mimic the sensor's response to high-frequency natural vibrations associated with the inner and outer bearing races and the sensor's own response under excitation. This is achieved by modifying the stiffness and damping coefficients. Figure 9 presents the simulation responses obtained using refined set of parameters for a popular deep groove ball bearing of type 6206ZZ with the specification set in Table 2 and Table 3 . It is observable that the sensor resonance frequency occurs at around 5 kHz. In order to maintain the stability of nonlinear solutions at all times, small damping ratios are used to represent a typical high a resonance frequency. This will ensure a relatively sharp frequency response within the band of interest. Moreover, the frequency responses from the simulations match very well the measurement results obtained from the roller bearing installed in the laboratory. This implies that the key parameters used in the simulation model, (e.g., shaft and housing stiffness values and damping ratios) are set reasonably accurate. Therefore, the numerical procedures can be safely proceeded in order to obtain the nonlinear responses. Poisson's ratio v 0.3 Figure 9 Frequency response of the simulated ball bearing system (see online version for colours)
Figure 10
The flow chart of calculation process
Nonlinear solutions
Note that the above equations (1) to (5) represent a second-order nonlinear differential equations. To solve these nonlinear equations, they are first convert into two sets of first-order differential equations. Then, the ordinary differential equation solver 'ode15s' in MATLAB is then employed to solve the first-order differential equations for different faults and clearance conditions.
Initial conditions
At the initialisation step, the displacements and velocities in X and Y directions are all set to zeroes. A shaft speed of 1,500 rpm (25 Hz), with a radial load of 1,600 N is considered herein as the normal operating condition for the bearing under study. Moreover, two defects with widths of 0.2 mm and 0.4 mm on both inner and outer races are studied which will be referred to as 'small' and 'large' faults, respectively. The sequence of the calculation process is outlined in the flow chart presented in Figure 10 . At each step in time, the governing equations of motions are solved using the ball position equation (12) and the deflection relation equation (21). Then, displacements in X and Y directions and the corresponding velocities and X Y at time-step (t + dt) are calculated. Here, the time step (dt) is chosen as 0.2 μs for five cycles.
Diagnosis of roller bearing defects
Since the position of the defect in an inner-race no longer stationary, the resulting vibration signal is usually complicated due to the rotation of both defect and the balls, resulting the amplitude of the inner-race defect is not constant. This is due to the varying load that is applied when the ball becomes in contact with the defect. Whilst, defects on the outer race usually appear in the loading zone and have a constant angular position, i.e., the location of the defect is stationary. This means that, as the ball passes over the defect every time, an impulse with the same amplitude is expected to appear. Herein, one outer-race defect location of 0 degrees and inner-race defect, with defect widths of 0.2 mm is studied under two incremental clearances of 15 μm and 45 μm. Figure 11 presents the vibration acceleration of the sensor, simulated for a healthy bearing as the baseline and for the inner-race and the outer-race defect cases, under clearance values of 15 μm and 45 μm. As can be seen, in the case of the baseline, as there is no defect on the races, a clear increase in the vibration acceleration amplitude is evident with clearance increments. This implies that, the amplitude of the local (Hertzian deformation) also increases with increasing clearance value. For the inner-race defect case, as the rolling ball approaches the defect, either in the loaded or unloaded zone, significant variations in the periodic vibration amplitudes can be seen. For the outer-race defect case, the impulses caused by the contact between the rolling elements and the defect repeat every 40 degrees. Moreover, an increase in both the impulse magnitude and duration with the defect size is observable. Figure 12 presents the frequency spectra obtained for the baseline, inner-race and outer-race defect cases. As can be seen, the observed responses and excitation patterns for the three cases are shown to be similar. Moreover, the inner-race defect case creates higher resonance amplitude than that observed for the outer-race defect and the baseline. The envelope spectra generated for the baseline and the inner-race and the outer-race defect cases are presented in Figure 13 . For the baseline, the loading frequency, which is equal to the cage frequency multiplied by the number of balls, is clearly observable. For the inner-race case, the ball-pass-frequency-inner-race (BPFI) that is calculated at 135.198 Hz, shaft's rotational frequency and their corresponding harmonics are clearly displayed. Since the inner-race defect rotates at the shaft's speed, the calculated BPFI is amplitude-modulated by the shaft rotational frequency. Therefore, peaks at frequencies of BPFI ± f s with their corresponding harmonics can also be found. For the outer-race defect case, the obtained fault feature-frequency and its harmonics are clearly apparent at the ball-pass-frequency-outer-race (BPFO) as a calculated at 89.8 Hz. Moreover, an increase in the defect acceleration magnitude can be seen, which is attributed to the nonlinear deflection.
The envelope acceleration amplitudes for the baseline, inner-race defect and outer-race defect cases are provided in Figure 14 . As can be seen, for the baseline, the loading frequency amplitude is increased due to the large clearances. Similarly, for the outer defect case, the BPFO magnitude and its harmonics are shown to have increased with increasing clearance values due to the change of the load zone angle. In contrary, for the inner-race defect case, as the clearance value increases, the defect amplitude is slightly reduced.
Experimental verification
Test facilities and experimental procedures
The experimental setup used for this study is shown in Figure 15 . It comprises of two rolling bearings that support a shaft which is driven by a variable speed motor. The test bearing, a single-row deep groove ball bearing of type UC206 (6206ZZ), is situated at the drive end of the shaft, while a single-row self-aligning ball bearing is placed at the non-drive end side of the shaft, as shown in Figure 15(b) . A hydraulic loading arrangement was used to apply a radial load on the bearing is placed in the middle of the shaft. A type IP65 pressure sensor with a pressure range of 0 to 40 bar is placed into the hydraulic hose of the hydraulic cylinder that is used to control the radial load. An IEPE type piezoelectric accelerometer with a frequency response in the range of 0.5 to 5,000 Hz and sensitivity of 5.106 mV/ms 2 is used to measure the vibrations. The accelerometer is mounted on the housing of the test bearing in the vertical direction. The accelerometer is connected to the data acquisition system, the output of which is connected to a host computer. The relevant hardware and the software required for data acquisition, storage and user interface to display the time-domain signals are installed on the host computer. The signals are sampled at 96 kHz with a sampling size of 65,536 (216) samples.
Two groups of clearance values of CN and C4 were used to study the different bearing fault signatures, which will be referred to as 'normal' and 'large' clearances, respectively. For each group, one of the bearings are left with no fault and considered as a reference bearing. Thereafter, two types of defects are artificially induced on the inner race and the outer race respectively using electrical discharge machining (EDM). The defects are the same with rectangular slots of a depth of 0.1 mm and a width of 0.2 mm, as depicted in Table 4 and illustrated in Figure 16 . As it can be seen in the figure the defect slots are relatively small, compared with that simulated in Lei et al. (2008) . The experiment was performed at a shaft speed of 1,500 rpm, under 0 and 30 bar radial load conditions. The higher load is 2,400 N, corresponding to 12% of the rated dynamic load, which allows the diagnostic capability to be evaluated under low load.
Signal analysis based on envelope spectrum
The envelope spectrum or high-frequency resonance technique is a very reliable technique used to detect and diagnose rolling-element bearing fault conditions (Tandon and Choudhury, 1999) . This technique is derived by demodulating the high-resonant frequency created by the impacts that are caused by the interactions between the rolling element and the defects on the raceway (Ho and Randall, 2000) . By conducting envelope analysis or amplitude demodulation of the resonance signal, the period of the excitation and thus the defect can be detected. McFadden and Smith (1984) has proposed that the band-pass filter centre-frequency should be selected so that it matches with the structure's resonance frequency. The filter bandwidth should be at least twice the highest defect frequency. This will ensure that the filter will pass the carrier frequency and at least one pair of modulation sidebands. In this algorithm, the calculation and the implementation steps of the power spectrum of the roller bearing modulating signal are shown in Figure 17 . Firstly, the row data is band-pass filtered to allow a certain frequency range through, with other frequencies caused by imbalance, misalignment or background noise eliminated. This allows for the realisation of a good signal-to-noise ratio (McInerny and Dai, 2003) . Secondly, the Hilbert transformation is used to calculate the envelope of the signal. In this case, the acquired signal can be taken into account as a complex signal that consists of only the real part (Bechhoefer et al., 2011; Holm, 1987) . Equations (31)- (33) illustrate the processes required to compute the Hilbert transformation. The real part of the analytic signal x a for x in is the original data x in whilst the imaginary part is the Hilbert transformation of x in and is related to the original signal by a 90° phase shift. Then, the envelope of the vibration signal is expressed by equation (34). Finally, equation (35) exhibits the amplitude spectrum of the envelope. In addition, by using the Hilbert transformation algorithm, the computing buffer can be reused which is quite critical for a processor with limited storage. where x in is the vibration signal, X is the fast Fourier transform of x in , X a is the fast Fourier transform of analytic signal for x in , x a is the analytic signal for x in , x env is the analysed envelope signal and X env is the envelope spectrum. Figure 18 shows raw vibration signals obtained for the two test bearing clearance grades of normal clearance and large clearance, under the three bearing conditions, baseline, inner race and outer race defects respectively. Each bearing under the mentioned conditions is imposed to two different types of radial loads: 0 and 30 bar, respectively. As can be seen, for the healthy bearings used as the baseline, a waveform covered in small spikes of high-frequency components is produced. On the other hand, for the faulted bearings, a more significant change in the waveform is observed. For example, for the fixed outer-race defect case, the impulse caused by the contact between the ball and the defect is repeated periodically at the same amplitude. Whilst, a rotating inner-race defect results in a rather more complicated vibration waveform. This is due to the rotation of both defect and balls with respect to another, as the rolling ball can either approach the defect either in the loaded zone or the unloaded zone. The result is vibration amplitudes whose period is dependent on the operating conditions and can change accordingly. In addition, it is evident that the vibration amplitudes obtained for outer-race defect are smaller than those measured for the same-size inner-race defect. This can be attributed to the geometrical effects. Typically, vibration signals from real bearings are non-stationary and non-deterministic. Statistical parameters have proven effective in extracting the time-domain features, which provide useful information on the overall levels and the spikiness of the bearing vibration signals. Figure 19 demonstrates the root-mean-square (RMS) and kurtosis of bearing clearance grades normal clearance and large clearance for baseline, inner-race and outer-race defects at 0 and 30 bar radial load, respectively. It can be seen that, as the clearance value for the baseline and outer-race defect increases, so do the RMS and peak values, whilst, a decrease in these values is observed with inner-race defect. In contrary, the kurtosis value decreases with an increasing clearance value for the baseline and the outer-race defect case, and increases for small and larger inner-race defects. This is due to the fact that the load zone angle changes as clearance change. 
Waveform characteristics
Spectrum analysis
The interaction of defects in rolling-element bearings produces pulses of very short duration, whenever the defect strikes the inner race or outer race of the bearing. These pulses excite the natural frequencies of bearing elements and housing structures, resulting in an increase in the vibrational energy at these high frequencies. Figure 20 compares the vibration spectra between two bearing clearances under 0 and 30 bar radial loads: denoted as normal clearance and large clearance for the inner-race defect and the outer-race defect, respectively. The results are compared with those measured for the baseline case, which has no faults induced to. The initial dominant peaks in the spectrum can be easily identified by the difference between the baseline and faulty spectra. One major difficulty is that the impacts generate a wide-band noise, which can excite resonances in the bearing and surrounding structure. The shaft rotational frequency and high-order harmonics, as well as system resonances can be easily identified. However, the characteristic fault frequencies and their harmonics are not obvious in the obtained spectrum. Moreover, the resonant frequency of the bearing house is measured at about 5 kHz. Subsequently, a band-pass filter with a range of 3-10 kHz is applied to the raw vibration signal prior to implementing envelope analysis. 
Envelope spectrum analysis
The envelope spectrum has been applied to remove the resonance frequency by using a band-pass filter (designed based on raw data spectrum) followed by fast Fourier transformation (FFT). Figure 21 presents the envelope spectrum of two types of faults with respect to the baseline; an inner-race fault and an outer-race fault for two kinds of clearance grades under two different radial loads 0 and 30 bar. With no fault present, the envelope spectrum of the vibration signal from a bearing shows a flat spectrum. In case of an inner-race fault, there is a clear indication of the fault's presence and the corresponding harmonics which verifies the filter parameters. Furthermore, the fault characteristic frequencies for the inner-race case are clearly indicated, as well as the pair of modulation sidebands. However, there are some unwanted frequencies caused by noise that also appear on the spectrum. Similarly, for the outer-race defect, the fault characteristic frequencies and their harmonics are clearly noticeable. Figure 22 depicts the envelope spectrum amplitude of the first harmonic, measured for two kind of bearing clearance grades normal clearance and large clearance. Two cases of inner-race and outer-race defects under 0 and 30 bar radial-load conditions are presented. For the inner race fault, it is shown that, as the clearance increase the fault feature frequency inner-race amplitude and its harmonics decrease. This is owed to the reducing of load zone angle. Whereas, for the outer-race fault, the feature frequency amplitude and its harmonics show an increasing trend with the clearance value. This phenomenon is caused by the change of the load zone angle. These findings thus far, are in good agreement with the model predictions obtained in Section 2.
Conclusions
In this study, a dynamic model for deep groove ball bearings was developed to account for the effect of internal radial clearance on localised defects on the inner and outer races. The proposed model can be used to obtain the vibration responses for accurate bearing diagnosis. The 5-DOFs, corresponding to vibrations of shaft, housing in X and Y directions and the sensor in X direction were studied. The number of DOFs was selected as an optimum choice in terms of both accuracy and complexity. This resulted in a model structure that is sufficiently accurate to reflect on the diagnostic features comprehensively, whilst being computationally efficient. From both the simulation and experimental studies, it has been shown that the overall vibration responses increased with internal radial clearances, which occur due to inevitable wear during bearing service life. Based on the envelope spectrum analysis for an outer-race defect, it was determined that, the larger the radial clearance, the higher the amplitude of the diagnostic feature would be in the envelope spectrum. In addition, the defect at loading zone produced higher amplitude. In contrast to the outer-race defect, the inner-race faults cause a slight reduction in the observed amplitudes in the diagnostic features when the clearance is larger. Therefore, when determining the severity of an inner-race fault, other factors such as bearing service duration and bearing grades must also be taken into consideration to avoid any under-estimates of fault sizes due to reduced fault amplitudes. In addition, the study also found that, for the same defect size, the feature amplitudes for the inner-race defects are larger than those of the outer-race defects.
